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Ultra cold atomic systems 

When in equilibrium ultra-cold atoms are 
actually relatively hot in normal units! 

Temperatures:      1 nK - 1 µK 

Compare to solids: 

1mK - 200 K 

Densities:                1014 /cm3 1023 /cm3 

T/TF ⇠ 0.1 T/TF ⇠ 10�5 � 10�2

But can we use the fact that these are essentially closed systems? 



Focus on quantum dynamics 

•  New quantum-dynamical states of matter? Universality? 
•  Persistence of quantum correlations in time evolution? 
•  Quantum to classical crossover or transition in dynamics? 

Quantum integrability Dynamics in optical lattices 

Can prepare precise initial  states and  
observe the ensuing unitary dynamics in real-time 

I. Bloch group (2012) D. Weiss group (2010) 



Questions 

•  What are the genuinely quantum effects in the dynamics of 
many quantum particles? 

•  Why does the macroscopic world appear classical? 

•  How is this related to ergodicity and thermalization? 

•  Can a big quantum system  
evade a classical/thermal fate? 

 



Outline 

1.  Understanding ergodicity in quantum dynamics. 
 
2.  How does it break down? Many-body localization. 

3.  The phase transition from a localized quantum 
system to a thermal fluid. 

4.  Confronting theory and experiment. 



Ergodicity in quantum dynamics 

Classical hydrodynamic 
description (e.g. diffusion). 

Quantum information stored in local 
objects is rapidly lost as these get 
entangled with the rest of the system. 

The only remaining structures of 
information are slow order parameter 
fields and conserved densities. 

Many-body time evolution washes 
away quantum correlations. 

How can we see persistent quantum correlations? 



Ergodicity = “Eigenstate thermalization hypothesis” (ETH) 

L 

A

Interested in generic high energy eigenstates  
(finite energy density above ground state) 

Deutsch 91, Srednicki 94 

Eigenstates of thermalizing system appear 
thermal to all local measurements 

SA = tr [⇢A ln ⇢A] = s(E)Ld

Ground state is special. Area law: 

SA ⇠ Ld�1

E 

⇢A = trB |EihE| ! 1
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Well known example: integrability 

Failure to thermalize due to constraints 
imposed by many conservation rules 

Quantum newton’s cradle experiment with cold atoms. 
Weiss, Nature 2010 

But integrability is fragile! Only special points in parameter space. 
Are there more generic non-thermal states? 

p 

n(p) 



Anderson localization 

Single particle (Anderson 1958): 

Vanishing probability of resonances.  

At high energies interaction connects between ~2L localized states ! 
Can localization survive ? 

Uc†↵c
†
�c�c�Add interactions: 



Entanglement in localized eigenstates 

Anderson localization is an example where ETH fails:  

L 

SA / Ld�1

“Area law” entropy even in high energy eigenstates 

The question of many body localization can be phrased as: 
Is the area-law stable to adding interactions? 

E 

B. Bauer and C. Nayak 2013  

Easy to construct localized eigenstates of many  
non-interacting particles: 



Many-Body Localization 
Basko, Aleiner, Altshuler (2005); Gornyi, Mirlin, Polyakov (2005):  
Insulating phase stable below a critical T or E; metal above it.  

System with bounded spectrum (e.g. spin system):  
Disorder tuned transition at infinite T 
Oganesyan and Huse (2007), Pal and Huse (2010) 

delocalized 
thermalizing 

Localized (κ =0, σ =0) 
non ergodic phase 

𝑇=∞ 

Disorder strength 

T, E 

Many-body localization is the only known 
exception to thermalization in a generic system! 



Computability of dynamics in the localized phase 

subregions A and B. But the total amount of entanglement
entropy generated remains finite as t ! 1 (Fig. 1), and the
fluctuations of particle number eventually saturate as well
(see below). The entanglement entropy for the pure state
of the whole system is defined as the von Neumann entropy
S ¼ "tr!A log!A ¼ "tr!B log!B of the reduced density
matrix of either subsystem. We always form the two biparti-
tions by dividing the system at the center bond.

The type of evolution considered here can be viewed as a
‘‘global quench’’ in the language of Calabrese and Cardy
[14] as the initial state is the ground state of an artificial
Hamiltonian with local fields. Evolution from an initial
product state with zero entanglement can be studied effi-
ciently via time-dependent matrix product state methods
until a time where the entanglement becomes too large for
a fixed matrix dimension. Since entanglement cannot
increase purely by local operations within each subsystem,
its growth results only from propagation across the

subsystem boundary, even though there is no conserved
current of entanglement.
The first question we seek to answer is whether there is

any qualitatively different behavior of physical quantities
when a small interaction

Hint ¼ Jz
X

i

Szi S
z
iþ1 (2)

is added. With Heisenberg couplings between the spins
(Jz ¼ J?), the model is believed to have a dynamical tran-
sition as a function of the dimensionless disorder strength
"=Jz [4,5,7]. This transition is present in generic eigenstates
of the system and hence exists at infinite temperature at
some nonzero ". The spin conductivity, or equivalently
particle conductivity after the Jordan-Wigner transforma-
tion, is zero in the many-body localized phase and nonzero
for small enough"=Jz. However, with exact diagonalization
the system size is so limited that it has not been possible to
estimate the location in the thermodynamic limit of the
transition of eigenstates or conductivities.
We find that entanglement growth shows a qualitative

change inbehavior at infinitesimalJz. Instead of the expected
behavior that a small interaction strength leads to a small
delay in saturation and a small increase infinal entanglement,
we find that the increase of entanglement continues to times
orders of magnitude larger than the initial localization time
in the Jz ¼ 0 case (Fig. 1). This slowgrowth of entanglement
is consistent with prior observations for shorter times and
larger interactions Jz ¼ 0:5J? and Jz ¼ J? [12,13],
although the saturation behavior was unclear. Note that ob-
serving a sudden effect of turning on interactions requires
large systems, as a small change in the Hamiltonian applied
to the same initial state will take a long time to affect the
behavior significantly. We next explain briefly the methods
enabling large systems to be studied.
Numerical methodology.—To simulate the quench, we

use the time evolving block decimation (TEBD) [15,16]
method which provides an efficient method to perform a
time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
one-dimensional systems. The TEBD algorithm can be seen
as a descendant of the density matrix renormalization group
[17] method and is based on a matrix product state (MPS)
representation [18,19] of the wave functions. We use a
second-order Trotter decomposition of the short time propa-
gator Uð!tÞ ¼ expð"i!tHÞ into a product of term which
acts only on two nearest-neighbor sites (two-site gates).After
each application, the dimension of the MPS increases. To
avoid an uncontrolled growth of the matrix dimensions,
the MPS is truncated by keeping only the states which have
the largest weight in a Schmidt decomposition.
In order to control the error, we check that the neglected

weight after each step is small (< 10"6). Algorithms of
this type are efficient because they exploit the fact that the
ground-state wave functions are only slightly entangled
which allows for an efficient truncation. Generally the
entanglement grows linearly as a function of time which

FIG. 1 (color online). (a) Entanglement growth after a quench
starting from a site factorized Sz eigenstate for different inter-
action strengths Jz (we consider a bipartition into two half chains
of equal size). All data are for " ¼ 5 and L ¼ 10, except for
Jz ¼ 0:1 where L ¼ 20 is shown for comparison. The inset
shows the same data but with a rescaled time axis and subtracted
Jz ¼ 0 values. (b) Saturation values of the entanglement entropy
as a function of L for different interaction strengths Jz. The inset
shows the approach to saturation.
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large systems, as a small change in the Hamiltonian applied
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time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
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SA(t) ⇠ log t

SA Saturates to a volume law in a 
finite subsystem but smaller than 
expected thermal entropy 

Slow growth of entanglement entropy. 

Low entanglement allows efficient 
encoding and computation. 

Compute time evolution starting from a simple state in one dimension:  
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Effective model of the locaized phase 
R. Vosk & EA, PRL (2013,2014); Huse and Oganesyan (2013), Serbyn et. al. (2013) 

•  Fixed point characterized by  
complete set of local integrals of motion:  
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Fixed point and flow reveal surprisingly rich dynamics: 
•  Slow log(t) growth of the entanglement entropy. 
•  Distinct localized phases (glassy, paramagnetic, topological …) 
•  Persistent quantum coherence revealed by spin echoes 
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MBL phase understood as a stable RG fixed point 

Note the analogy with Fermi-liquid theory! 

[HFL, n̂k] = 0HFL =
X
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X
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Reveals surprisingly rich dynamics in MBL phase: 
•  Slow log(t) growth of the entanglement entropy. 

•  Anomalous relaxation of observables. 
Vasseur	  et.	  al.	  (2014),	  Serbyn	  et.	  al.	  (2014) 

•  Distinct localized phases  
(glass, paramagnetic, topological …) 
Huse	  et.	  al.	  2013,	  Vosk	  and	  EA	  2013,	  Pekker	  et.	  al.	  2013	  

•  Persistent quantum coherence, spin echos 
Bahri	  etal	  2013,	  Serbyn	  etal	  2013	  

Dynamical quantum phase transitions in random spin chains

Ronen Vosk and Ehud Altman
Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot 76100, Israel

Quantum spin chains and related systems undergo interesting phase transitions in their ground
states. The transition of the transverse-field Ising model from a paramagnet to a magnetically
ordered state is a paradigmatic example of a quantum critical point. On the other hand, quantum
time evolution of the same systems involves all energies and it is therefore thought to be much
harder, if at all possible, to have sharp transitions in the dynamics. In this paper we show that
the non-equilibrium dynamics of random spin chains do exhibit phase transitions characterized by
universal singularities. The sharpness of the transitions and integrity of the phases owes to many-
body localization, which prevents thermalization in these systems. Using a renormalization group
approach, we solve the time evolution of random Ising spin chains with generic interactions starting
from initial states of arbitrary energy. As a function of the Hamiltonian parameters, the system is
tuned through a dynamical transition, similar to the ground state critical point, at which the local
spin correlations establish true long range temporal order. In the state with dominant transverse
field, a spin that starts in an up state loses its orientation with time, while in the ”ordered” state
it never does. As in ground state quantum phase transitions, the dynamical transition has unique
signatures in the entanglement properties of the system. When the system is initialized in a product
state the entanglement entropy grows as log(t) in the two ”phases”, while at the critical point it
grows as log

↵(t), with ↵ a universal number. This universal entanglement growth requires generic
(”integrability breaking”) interactions to be added to the pure transverse field Ising model.

Closed systems evolving with Hamiltonian dynamics,
are commonly thought to settle to a thermal equilibrium
consistent with the energy density in the initial state.
Any sharp transition associated with the long time be-
havior of observables must in this case correspond to clas-
sical thermal phase transitions in the established thermal
ensemble. Accordingly in one dimension where thermal
transitions do not occur, dynamical transitions are not
expected either.

But systems with strong disorder may behave di↵er-
ently. Anderson conjectured already in his original paper
on localization, that closed systems of interacting parti-
cles or spins with su�ciently strong disorder would fail to
come to equilibrium[1]. Recently, Basko et. al. [2] gave
new arguments to revive this idea of many-body localiza-
tion, which has since received further support from the-
ory and numerics[3–7]. An important point for our dis-
cussion is that localized eigenstates, even at macroscopic
energies are akin to quantum ground states in their en-
tanglement properties[7, 8]. In particular, it was pointed
out in Ref. 8, that localized eigenstates can sustain long
range order and undergo phase transitions that would
not occur in a finite temperature equilibrium ensemble.
But a theory of such dynamical transitions is lacking.

In this paper we develop a theory of such a transition
in the non-equilibrium dynamics of random Ising spin
chains with generic interactions
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⇥
Jz

i

�z

i

�z

i+1

+ h
i

�x

i

+ Jx

i

�x

i

�x

i+1

+ . . .
⇤

(1)

Here Jz

i

, h
i

and Jx

i

are uncorrelated random variables
and . . . represents other possible interaction terms that
respect the Z

2

symmetry of the model. For simplicity
of the later analysis we take the distributions of coupling

constants to be symmetric around zero. Without the last
term, Jx

i

, the hamiltonian can be mapped to a system of
non-interacting Fermions. We include the coupling Jx

i

to add interactions between the fermions and thereby
make the system generic. We shall assume throughout
that the interactions are weak, so that almost always
Jx

i

⌧ Jz

i

, h
i

h
i+1

.

The transverse field Ising model (1) undergoes a
ground state quantum phase transition controlled by an
infinite randomness fixed point [9]. The transition sep-
arates between a quantum paramagnet obtained when
the transverse field is the dominant coupling and a spin
ordered state established when the Ising coupling Jz is
dominant. Recently, it was pointed out that this tran-
sition can also occur in eigenstates with arbitrarily high
energy, provided that the system is in the many-body
localized phase. Here we develop a theory of the non-
equilibrium transition, focusing on the universal singular
e↵ects it has on the time evolution of the system in pres-
ence of generic interactions.

We shall describe the time evolution of the system
starting from initial states of arbitrarily high energy.
Specifically, we take random Ising configurations of the
spins in the Sz basis, such as | 

in

i = | ""#", . . . ##" i .
The theoretical analysis relies on the strong disorder real
space RG approach (SDRG) [10, 11], which we recently
extended to address the quantum time evolution of ran-
dom systems[7]. The properties of the transition are elu-
cidated by tracking the time evolution of two quantities:
spin correlations and entanglement entropy.

First, we show that the spin auto correlation function
C

z

(t) = h 
in

|Sz

i

(t)Sz

i

(0) | 
in

i decays as a power-law in
the paramagnetic phase, whereas it saturates to a posi-

But cannot address the MBL transition using this approach!  

Effective model of the locaized phase 



Thermalizing 

Volume-law eigenst. entanglement  

Many-body localized 

Area law eigenstate entanglement 

“Classical” dynamics Quantum coherent dynamics 

The many-body localization transition: 
1.  Sharp interface between quantum and classical worlds 

2.  Fundamental change in entanglement pattern.  
More radical than in any known transition. 

A tale of two paradigms 

Can we understand the critical point? 



Essence of many-body localization 
Warm-up: essence of single particle localization (Anderson 58) 

i i' 

hViVji = �2
0 �ij

Site nearest in energy within this range: �(R) ⇠ �0/R
d

Matrix element for hopping to this range: J(R) ⇠ W

✓
W d

�0

◆R

Resonance condition J(R) > Δ(R) satisfied only if Wd > �0

H =
X

i

Vi c
†
i ci �W

X

hiji

c†i cj +H.c.

Is there a likely resonance within a range R of site i ? 

R 

�0

W



Essence of many-body localization 

i i' 

hViVji = �2
0 �ijH =

X

i

Vi c
†
i ci �W

X

hiji

c†i cj +H.c.

R 

Can view delocalization as a decay of state i into a continuum:  

�(R) ⇠ J(R)2�(R)�1

Condition for the surrounding states to serve as 
an effective bath:  

�(R)

�(R)
=

✓
J(R)

�(R)

◆2

> 1

�
|ii � ⇠ �0

Rd

Warm-up: essence of single particle localization (Anderson 58) 



Essence of many-body localization 

The many-body version: 

Matrix element to move between typical configurations of L spins: 

H =
X

i

V
i
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i

+
X

hiji

JzSz
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j

+ JxSx
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Sx
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J(L) ⇠ Jz (Jx/�0)
L ⌘ Jze�L/⇠⇤

�(L) ⇠ �0

2L
= �0e

�L ln 2
�

~ number of localized states needed to represent an eigenstate 

g(L) ⌘ �(L)

�(L)
=

✓
J(L)

�(L)

◆2

Resonance condition = condition for the 
system to serve as it’s own bath: 

g(L) � 1

Delocalized phase: 

�



Essence of many-body localization 

Matrix element to move between typical configurations of L spins: 

J(L) ⇠ Jz (Jx/�0)
L ⌘ Jze�L/⇠⇤

�(L) ⇠ �0

2L
= �0e

�L ln 2
�

g(L) ⌘ �(L)

�(L)
=

✓
J(L)

�(L)

◆2

Does it mean non-diverging localization length and 1st order transition? NO! 

⇠⇤ < 1/ ln 2Which requires g(L) < 1

Localized phase: 

The many-body version: H =
X
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Toy model of the critical point 

Must they all individually have g(L/3)>>1?  

We want a thermal system of length L:  
g(L) � 1

The thermal sides are then just able to thermalize the middle. 

Now apply this reasoning to each of the two thermal sides to get: 

And iterate: 

Now consider 3 subsystems of length L/3.  

No! The minimal configuration should be something like this: 

g(L/3) � 1 g(L/3) � 1g(L/3) ⌧ 1



Toy model of the critical point 

Critical system is a Cantor set of bare thermal regions  
with fractal dimension: 
This should be just enough to thermalize the whole system!  

df ⇡ ln 2/ ln 3

⇠ ⇠ (���c)
�2/df ⌫ = 2/df ⇡ 3.2

Fluctuation in the tuning parameter (bare disorder)  
resulting in a critical bubble  ⇠

�� ⇠ 1p
Nspecial

⇠ 1

⇠df/2



Idea can be formulated precisely as RG flow 
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R. Vosk, D. Huse and E.A. arXiv:1412.3117 
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Eigenstate entanglement entropy 

g12

SE(L/2) ⇠ log2 [g(L) + 1]



Proxy for eigenstate entanglement 

g12

SE(L/2) ⇠ log2 [g(L) + 1]

•  Universal	  jump	  to	  full	  thermal	  entropy	  	  	  	  	  	  	  	  	  Direct	  transiIon	  to	  thermal	  

state	  

perfect data  
collapse!  
⌫ ⇡ 3.2



Further predictions: dynamical scaling for transport 
Relation between transport time τtr  and length l of blocks: 

l

⌧tr = l2Diffusion: ltr = (D⌧)1/2

12

the main text.

Having located the critical point we can turn to charac-
terize the critical flow. Infinite randomness critical points
are usually characterized by (i) how the scaling variables
(associated with coupling constants) and their standard
deviations scale with the block length l, and (ii) how the
block length scales with the logarithm of the energy cut-
o↵ � = log(⌦

0

/⌦).

Fig. 5 clearly shows a linear dependence of the scaling
variable � = log(⌦/�

link

), associated with the link en-
tanglement rates, and of its standard deviation ��, with
the block length l. The same linear scaling behavior is
seen for � log (g). The length time scaling at the critical
point is shown in Fig. 6(b), showing a linear dependence
of l on �, that is, a logarithmic dependence on the time.

These results indicate a di↵erent class of infinite ran-
domness critical point from the famous cases of the ran-
dom singlet phase and the random transverse field Ising
model considered by Fisher [23, 31]. Specifically, at
Fisher’s fixed point the RG flow parameter � scales with
l as � ⇠ l with  = 1/2, while in our case  = 1.

Appendix C: Length time scaling

In Fig. 6 we present the length vs. time scaling ex-
tracted from the RG calculation. The lines show the
average block length l versus the time-scale given by the
inverse of the cuto↵ frequency t = ⌦�1. As explained in
the main text this scale corresponds to the time for entan-
glement spreading. Therefore the power-laws fitted in the
delocalized phase give the dynamical exponent for entan-
glement growth ↵

ent

. To obtain the transport exponent
↵ shown in Fig. 2(b) of the main text we use the scaling
relation derived in the main text ↵ = ↵

ent

/(1+↵
ent

). We
note that at the critical point and the localized phase, i.e.
for log(g

0

)  log(g
0c

) ⇡ �1.75, the exponent vanishes
and the dependence becomes instead logarithmic growth
of entanglement with time.

We can ask how the dynamical exponent ↵ or ↵
ent

vanishes as g
0

approaches g
0c

. The plot of ↵
ent

versus
(g

0

� g
0c

) on a log-log plot, computed using the RG on
systems of varying sizes is shown in Fig. 7. These re-
sults are consistent with the expected ↵

ent

⇠ (g
0

�g
0c

)⌫ ;
they are not consistent with the naive Gri�ths scaling
↵
naive

⇠ (g
0

� g
0c

)2. Note that to obtain the asymptotic
behavior of ↵ near the critical point we must satisfy two
requirements. First is to get su�ciently close to the crit-
ical point in order to be in the critical scaling regime.
Second, the sub-di↵usive transport is a property of the
Gri�ths phase, thus for given value of the tuning param-
eter g

0

�g
0c

in the scaling regime we must obtain ↵ from
system sizes that are much larger than the long correla-
tion length ⇠ = c(g0 � g

0c

)�⌫ . For this reason we only
show here results for systems larger than 10000 initial
blocks.

FIG. 6. Length time scaling computed from the RG flow.

Appendix D: Entanglement entropy distributions

In this appendix we show examples of the entangle-
ment entropy distributions computed using the RG flow
applied to an ensemble of disorder realizations. Fig. 8
shows four distributions taken respectively from the lo-
calized phase, the critical point, the Gri�ths phase and
the di↵usive regime for long chains with L/l

0

= 10000.
In the localized phase the entanglement entropy follows
an area law, therefore the distribution of the specific en-
tropy s = S/S

T

is concentrated near zero, with the tail
of the distribution consistent with a simple exponential.
At the critical point the entanglement entropy shows a
broad distribution that is consistent with a power law
P
c

(s) ⇠ 1/s⇣ with ⇣ ⇠= 0.9. In the Gri�ths phase the
distribution has a relatively narrow peak near the ther-
mal value. Finally, in the di↵usive phase the distribution

FIG. 7. Vanishing of the dynamical exponent ↵ent near the
critical point plotted on a log-log plot. The result is consistent
with ↵ ⇠ (g0 � g0c)

⌫ but also suggests that the systems we
calculate are not deep inside the critical scaling regime for
this quantity.

Delocalized, but not diffusion 
↵ <

1

2



RG results I – dynamical scaling for transport 
Relation between transport time τtr  and length l of blocks: 

Surprise! The transition is from  
localized to anomalous 
diffusion. 

Seen also in recent ED studies:  
Bar-Lev et.al 2014; Agarwal et.al 2014 
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Result of Griffiths effects. long insulating inclusions inside the metal are 
exponentially rare but give exponentially large contribution to the transport time.  
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Relaxation with slow power-law tails 



Experimental observation of MBL: 
fermions in a quasi-random optical lattice 

With:  
Immanuel Bloch’s group (Munich) 

Mark Fischer and Ronen Vosk (WIS) 
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Quantum quench protocol 
1.  Fermions in optical lattice prepared in period-2 density 

modulation (particles only on even sites) 

 

2.  Evolve the state with the 1d lattice Hamiltonian: 

e e e e e o o o o 

classical physics.
While Anderson localization of non-interacting particles has been

experimentally observed in a range of systems, including light scatter-
ing from semiconductor powders in 3D [31, 32, 33], photonic lattices in
1D [34] and 2D [35] and cold atoms in random [36] and quasi-random
[37] disorder, the interacting case has proven more elusive. Initial exper-
iments with interacting systems have focused on the superfluid [38, 40]
or metal [39] to insulator transition in the ground state. Evidence for in-
hibited macroscopic mass transport was reported even at elevated tem-
peratures [39], but is hard to distinguish from exponentially slow motion
expected from conventional activated transport or effects stemming from
the inhomogeneity of the cloud. A conclusive indication of many-body
localization at finite energy density is still lacking.

In this paper we report the first experimental observation of ergod-
icity breaking due to many-body localization. Our experiments are
performed in a one-dimensional system of ultracold fermions in a bi-
chromatic, quasi-random lattice potential. We identify the many-body
localized phase by monitoring the time evolution of local observables
following a quench of system parameters. Specifically, we prepare a
high-energy initial state with strong charge density wave (CDW) order
(as shown in Fig. 1A) and measure the relaxation of this charge density
wave in the ensuing unitary evolution. Our main observable is the im-
balance I between the respective atom numbers on even (Ne) and odd
(No) sites

I =

Ne �No

Ne +No
, (1)

which directly measures the CDW order. While the CDW will quickly
relax to zero in the thermalizing case, this is not true in a localized sys-
tem, where ergodicity is broken and the system cannot act as its own
heat bath (Fig. 1B) [41]. Intuitively, if the system is strongly localized,
all particles will stay close to their original positions during time evolu-
tion, thus only smearing out the CDW little. A longer localization length
will lead to a lower saturation value of the CDW. The stationary value
of the CDW thus effectively serves as an order parameter of the MBL
phase and allows us to map the phase boundary between the ergodic and
non-ergodic phases in the parameter space of interaction versus disorder
strength. In particular, if the localization length becomes large com-
pared to the lattice constant, then the CDW vanishes as I / 1/⇠2 [43].
In contrast to previous experiments, which studied the effect of disorder
on the global expansion dynamics [36, 37, 38, 39, 40], the CDW order
parameter acts as a purely local probe, directly captures the ergodicity
breaking and is insensitive to effects stemming from the global inhomo-
geneity of the trapped system.

Our system can be described by the one-dimensional fermionic
Aubry-André model [42] with interactions [41], given by the Hamil-
tonian

ˆH =� J
X

i,�

⇣
ĉ†i,� ĉi+1,� + h.c.

⌘

+�

X

i,�

cos(2⇡�i+ �)ĉ†i,� ĉi,� + U
X

i

n̂i,"n̂i,#.
(2)

Here, J is the tunneling matrix element between neighboring lattice sites
and ĉ†i,� (ĉi,�) denotes the creation (annihilation) operator for a fermion
in spin state � 2 {", #} on site i. The second term describes the quasi-
random disorder, i.e. the shift of the on-site energy due to an additional
incommensurate lattice, with the ratio of lattice periodicities �, disorder
strength � and phase offset �. Lastly, U represents the on-site interac-
tion energy and n̂i,� = ĉ†i,� ĉi,� is the local number operator (see Fig.
1C).
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Figure 2: Time evolution of an initial charge-density wave. A charge density
wave, consisting of a Fermi gas with atoms only occupying even sites, is allowed
to evolve in a lattice with an additional quasi-random disorder potential for vari-
able times, after which the relative imbalance I between atoms on odd and even
sites is measured. Experimental time traces (circles) and DMRG calculations for
a homogeneous system (lines) are shown for various disorder strengths �. The
evolution time is given in units of the tunneling time. Each datapoint denotes
the average of six different realizations of the disorder potential and the errorbars
show the standard deviation. The shaded region indicates the time window used
to characterise the stationary imbalance in the rest of the analysis.

Figure 3: Stationary values of the imbalance I as a function of disorder � for
non-interacting atoms, with the Aubry-André transition around � = 2. To avoid
any interaction effects, only a single spin component was used. Circles show the
experimental data, along with exact diagonalization (ED) calculations including
trap effects (red line) and, additionally, lattice inhomogeneity (grey shaded area).
The inset shows experimental time traces (circles) for non-interacting atoms, as
in Fig. 2, plus ED results incorporating trap effects and lattice inhomogeneity
(shaded regions).

This quasi-random model is special in that, for certain classes of
irrational � [43, 44], above a critical disorder strength �/J = 2 all sin-
gle particle states become localized [42] and the now finite localization
length decreases monotonically for stronger disorders. Such a transition
was indeed observed experimentally in a non-interacting bosonic gas
[37]. In contrast, truly random disorder will lead to single-particle lo-
calization in one dimension for arbitrarily small disorder strengths. Pre-
vious numerical work indicates many-body localization in quasi-random
systems to be similar to that obtained for a truly random potential [41].
Localization persists for all interaction strengths – even those larger than
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classical physics.
While Anderson localization of non-interacting particles has been

experimentally observed in a range of systems, including light scatter-
ing from semiconductor powders in 3D [31, 32, 33], photonic lattices in
1D [34] and 2D [35] and cold atoms in random [36] and quasi-random
[37] disorder, the interacting case has proven more elusive. Initial exper-
iments with interacting systems have focused on the superfluid [38, 40]
or metal [39] to insulator transition in the ground state. Evidence for in-
hibited macroscopic mass transport was reported even at elevated tem-
peratures [39], but is hard to distinguish from exponentially slow motion
expected from conventional activated transport or effects stemming from
the inhomogeneity of the cloud. A conclusive indication of many-body
localization at finite energy density is still lacking.

In this paper we report the first experimental observation of ergod-
icity breaking due to many-body localization. Our experiments are
performed in a one-dimensional system of ultracold fermions in a bi-
chromatic, quasi-random lattice potential. We identify the many-body
localized phase by monitoring the time evolution of local observables
following a quench of system parameters. Specifically, we prepare a
high-energy initial state with strong charge density wave (CDW) order
(as shown in Fig. 1A) and measure the relaxation of this charge density
wave in the ensuing unitary evolution. Our main observable is the im-
balance I between the respective atom numbers on even (Ne) and odd
(No) sites

I =

Ne �No

Ne +No
, (1)

which directly measures the CDW order. While the CDW will quickly
relax to zero in the thermalizing case, this is not true in a localized sys-
tem, where ergodicity is broken and the system cannot act as its own
heat bath (Fig. 1B) [41]. Intuitively, if the system is strongly localized,
all particles will stay close to their original positions during time evolu-
tion, thus only smearing out the CDW little. A longer localization length
will lead to a lower saturation value of the CDW. The stationary value
of the CDW thus effectively serves as an order parameter of the MBL
phase and allows us to map the phase boundary between the ergodic and
non-ergodic phases in the parameter space of interaction versus disorder
strength. In particular, if the localization length becomes large com-
pared to the lattice constant, then the CDW vanishes as I / 1/⇠2 [43].
In contrast to previous experiments, which studied the effect of disorder
on the global expansion dynamics [36, 37, 38, 39, 40], the CDW order
parameter acts as a purely local probe, directly captures the ergodicity
breaking and is insensitive to effects stemming from the global inhomo-
geneity of the trapped system.

Our system can be described by the one-dimensional fermionic
Aubry-André model [42] with interactions [41], given by the Hamil-
tonian

ˆH =� J
X

i,�

⇣
ĉ†i,� ĉi+1,� + h.c.
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X
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cos(2⇡�i+ �)ĉ†i,� ĉi,� + U
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(2)

Here, J is the tunneling matrix element between neighboring lattice sites
and ĉ†i,� (ĉi,�) denotes the creation (annihilation) operator for a fermion
in spin state � 2 {", #} on site i. The second term describes the quasi-
random disorder, i.e. the shift of the on-site energy due to an additional
incommensurate lattice, with the ratio of lattice periodicities �, disorder
strength � and phase offset �. Lastly, U represents the on-site interac-
tion energy and n̂i,� = ĉ†i,� ĉi,� is the local number operator (see Fig.
1C).
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Figure 2: Time evolution of an initial charge-density wave. A charge density
wave, consisting of a Fermi gas with atoms only occupying even sites, is allowed
to evolve in a lattice with an additional quasi-random disorder potential for vari-
able times, after which the relative imbalance I between atoms on odd and even
sites is measured. Experimental time traces (circles) and DMRG calculations for
a homogeneous system (lines) are shown for various disorder strengths �. The
evolution time is given in units of the tunneling time. Each datapoint denotes
the average of six different realizations of the disorder potential and the errorbars
show the standard deviation. The shaded region indicates the time window used
to characterise the stationary imbalance in the rest of the analysis.

Figure 3: Stationary values of the imbalance I as a function of disorder � for
non-interacting atoms, with the Aubry-André transition around � = 2. To avoid
any interaction effects, only a single spin component was used. Circles show the
experimental data, along with exact diagonalization (ED) calculations including
trap effects (red line) and, additionally, lattice inhomogeneity (grey shaded area).
The inset shows experimental time traces (circles) for non-interacting atoms, as
in Fig. 2, plus ED results incorporating trap effects and lattice inhomogeneity
(shaded regions).

This quasi-random model is special in that, for certain classes of
irrational � [43, 44], above a critical disorder strength �/J = 2 all sin-
gle particle states become localized [42] and the now finite localization
length decreases monotonically for stronger disorders. Such a transition
was indeed observed experimentally in a non-interacting bosonic gas
[37]. In contrast, truly random disorder will lead to single-particle lo-
calization in one dimension for arbitrarily small disorder strengths. Pre-
vious numerical work indicates many-body localization in quasi-random
systems to be similar to that obtained for a truly random potential [41].
Localization persists for all interaction strengths – even those larger than
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| (t)i = e�iĤt| (0)i
Incommensurate potential 

J 
U 

Δ

Numerics suggest that this model shows generic MBL (Iyer et. al. PRB 2013) 



What to measure? 
Imbalance between even and odd sites (density modulation): 

I =
1

N

LX

j=1

(�1)jhn
j

i = hN
e

�N
o

i
N

e

+N
o

If the system is localized, the density wave operator has finite 
overlap with an integral of motion and therefore cannot relax fully. 

Incomplete relaxation is direct evidence for ergodicity breaking!  
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Phase diagram 

Regime with many-
body  mobility edge 

no doublons

with doublons



Outlook and open questions 
1. Measure temporal fluctuations of the imbalance: 

Expect them to decay as: 1/(Ut)⇠0

Now, to find the time dependence of the CDW we should transform
back from the basis of �̃z

i eigenvalues to the basis of �z
i . This is achieved

with a rotation around the �̃y axis by ✓i

h�z
(t)i = Tr(⇢(t)�z

) = cos

2 ✓i + sin

2 ✓i
1

2

l(t)

2

l(t)X

n

cos(!nt). (28)

Hence, the fluctuations of the local imbalance between an even site and
neighboring odd site behaves as

��z
(t) ⇠ e� ln 2 l(t)/2 ⇠

⇣
1

Ut

⌘⇠ ln 2/2

, (29)

while the fluctuation of the global imbalance (CDW order) is further
suppressed by a factor of 1/

p
L

�I(t) ⇠ 1p
L

⇣
1

Ut

⌘⇠ ln 2/2

. (30)

We see that the decay of the fluctuations is intimately connected to the
log t growth of the entanglement entropy, as it also ‘measures’ the num-
ber of spins coupled through the interactions after time t.

The above analysis was of a simplified effective model. However
the main conclusions are supported by direct simulation of the Hubbard
model on the quasi-periodic lattice using time dependent DMRG. Fig.
12A shows the temporal noise of the of the imbalance as a function of
the time for different values of the interaction strength U/J . The fluctu-
ations are measured by averaging them over a time window of �t = 7/J
around the time t. The results fit well to a power law decay. Fig. 12B
compares the fitted exponent ⇠fluc to the slope of the entanglement log-
arithmic growth of the entanglement entropy showing the direct corre-
spondence between the two.

Thus we conclude that measurement of the temporal fluctuations of
the CDW order provides a viable experimental route to determine the lo-
calization length ⇠ and distinguish the many-body localized state from
an Anderson localized state of non-interacting particles. In the present
experiment, this is, however, not possible, as the automatic averaging
over many tubes suppresses the fluctuations below the resolution limit
after only few oscillations. For future experiments, a single tube, or
even single-site resolution would be desirable to overcome this limita-
tion. We also note that the temporal fluctuations of the expectation value
are different from shot to shot fluctuations at a given time which reflect
the quantum uncertainty of the observable and would be finite even in
the infinite time limit.
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Figure 12: Decay of imbalance oscillations and entanglement entropy growth.
A shows the time evolution of the imbalance with decreasing oscillation ampli-
tudes for different interaction strengths for a system with 30% doublons, ex-
hibiting a power law decay. B shows the connection of the decay exponents of
the imbalance oscillation amplitudes and the slope of the logarithmic growth of
entanglement entropy as a function of interaction strength.
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Temporal fluctuations carry similar information as the 
entanglement growth yet are measurable! 
But will require experiment with single site resolution 

Let us calculate the reduced density matrix of the pseudo spin at site
i. The system starts the time evolution in a product state

| 
0

i =
X

�1,...,�l

l(t)Y

j=1

Aj
�i
|{�}i (23)

with Aj
" = cos(✓j/2) and Aj

# = sin(✓j/2). We can formally write the
time-dependent density matrix as

⇢̃(t) =
X

{�}

X

{�0}

l(t)Y

j

Aj
�j
(Aj

�0
j
)

⇤e�i(E[{�}]�E[{�0}]t)|{�}ih{�0}|.

(24)
Here, E[{�}] = P

i hi�i +
P

i,j Vij�i�j . We can now trace out all
but one site to obtain the reduced density matrix of a single pseudo-spin
at site i in the basis of the eigenvalues of �̃z

i :

⇢̃"" = cos

2 ✓i/2 (25)
⇢̃## = sin

2 ✓i/2 (26)

⇢̃"# = ⇢̃⇤#" = sin ✓i

2

4 1

Nf (t)

Nf (t)X

n=1

e�i!nt

3

5 , (27)

where !n = E[", {�}]� E[#, {�0}]. {�} and {�0} represent states of
all other sites except site i. The number of frequencies involved Nf (t) is
roughly 2

l(t), i.e. all possible interactions between the l(t) spins that are
significantly entangled with the observed spin at time t. More precisely,
the number of frequencies Nf (t) = eS(t) ⇡ es⇤ ln(Ut/~) measures the
size of the entangled Hilbert space at the observation time.

To find the time dependence of the CDW we have to transform back
from the basis of �̃z

i eigenvalues to the basis of �z
i . This is achieved

with a rotation around the �̃y axis by ✓i

h�z
(t)i = Tr(⇢(t)�z

) = cos

2 ✓i + sin

2 ✓i
1

Nf (t)

Nf (t)X

n=1

cos(!nt).

(28)
Hence, the fluctuations of the local imbalance between an even site and
neighboring odd site behaves as

��z
rms

(t) ⇠ e�
1
2S(t) ⇠

⇣ ~
Ut

⌘ 1
2 s⇤

, (29)

while the fluctuation of the global imbalance (CDW order) is further
suppressed by a factor of 1/

p
L

�I
rms

(t) ⇠ 1p
L

⇣ ~
Ut

⌘ 1
2 s⇤

. (30)

We see that the decay of the fluctuations is intimately connected to the
ln t/⌧ growth of the entanglement entropy, as it also ‘measures’ the
number of spins coupled through the interactions after time t.
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Figure 13: Decay of imbalance oscillations and entanglement entropy

growth. A shows the time evolution of the imbalance with decreasing oscillation
amplitudes for different interaction strengths for a system with 30% doublons,
exhibiting a power law decay. B shows the connection of the decay exponents of
the imbalance oscillation amplitudes and the slope of the logarithmic growth of
entanglement entropy as a function of interaction strength.

The above analysis is of a simplified effective model. However,
the main conclusions are supported by direct simulation of the Hub-
bard model on the quasi-periodic lattice using time dependent DMRG.
Fig. 13A shows the temporal noise of the imbalance as a function of the
time for different values of the interaction strength U/J . The fluctua-
tions are measured by averaging them over a time window of T = 7 ⌧
around the time t. The results fit well to a power law decay. Fig. 13B
compares the fitted exponent s⇤ to the slope of the logarithmic growth
of the entanglement entropy showing the direct correspondence between
the two.

Thus, we conclude that measurements of the temporal fluctuations
of the CDW order provide a viable experimental route to determine the
bare localization length ⇠⇤ and distinguish the many-body localized state
from an Anderson localized state of non-interacting particles. In the
present experiment, this is, however, not possible, as the unavoidable
averaging over many tubes suppresses the fluctuations below the detec-
tion limit after only few oscillations. For future experiments, a single
tube, or even single-site resolution would be desirable to overcome this
limitation. We also note that the temporal fluctuations of the expectation
value are different from shot-to-shot fluctuations at a given time which
reflect the quantum uncertainty of the observable and would be finite
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Outlook and open questions 

Slow decay of the imbalance at long times: 
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Universal crossover 

MBL  
critical point 

2. Study effect of loss or other coupling to the bath on the     
    relaxation dynamics.  Characterize critical point. 



More to do in experiment 
•  True random disorder. 
•  Study the two dimensional case. 
•  Controlled coupling to a bath. 
•  Coupling to external noise or periodic drive. 

I. Bloch U. Schneider S. Hodgman P. Bordia M. Schreiber 

Theory: 

Ronen Vosk Mark Fischer 

H. Lueschen 



Thermalizing 

Volume law entanglement  

Many-body localized 

Area law entanglement 

“Classical” dynamics Quantum coherent dynamics 

Localized 
fixed-point 

Dynamical RG Random 
matrix RG 

SA broadly  
distributed 
at crit. point 

diffusive sub-diffusive 

Summary 


